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Abstract Accurate prediction of the macroscopic flow parameters needed to
describe flow in porous media relies on a good knowledge of flow field distri-
bution at a much smaller scale—in the pore spaces. The extent of the inertial
effect in the pore spaces can not be underestimated yet is often ignored in
large-scale simulations of fluid flow. We present a multiscale method for solv-
ing Oseen’s approximation of incompressible flow in the pore spaces amid
non-periodic grain patterns. The method is based on the multiscale finite el-
ement method (MsFEM [15]) and is built in the vein of Crouzeix-Raviart
elements [10]. Simulations of inertial flow in highly non-periodic settings are
conducted and presented. Convergence studies in terms of numerical errors
relative to the reference solution are given to demonstrate the accuracy of our
method. The weakly enforced continuity across coarse element edges is shown
to maintain accurate solutions in the vicinity of the grains without the need for
any oversampling methods. The penalization method is employed to allow a
complicated grain pattern to be modeled using a simple Cartesian mesh. This
work is a stepping stone towards solving the more complicated Navier-Stokes
equations with a non-linear inertial term.
Keywords Crouzeix-Raviart element · Oseen approximation · Multiscale
finite element method · Penalization method
1 Introduction
Modeling of flow through porous bodies is a topic of high importance in var-
ious fields of engineering, chemical, biological or geological applications. One
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of the most significant challenges persisting in virtually all these areas is the
disparity between the spatial scales at which flow and transport can be under-
stood; and the scales at which practical model predictions are needed [21]. This
disparity in scales forces a trade-off between building models which suffice for
practical application, and models that solve the problem ab-initio but which
may not be able to cope with large-scale problems adequately. To place this in
context, in geological media, X-ray techniques now allow three-dimensional im-
ages to be acquired routinely [3]. The pore spaces of these rocks are typically
of order microns across. However, for practical applications in oil recovery,
carbon dioxide storage and contaminant transport, flow over 100s m to km
needs to be predicted. This enormous range of scales precludes the use of a
direct method that resolves pore-scale flow while determining reservoir-scale
behavior. Instead, techniques that can approximate the flow over distances
much larger than the pore scale are needed. A number of multiscale simula-
tion paradigms have been developed to bridge first-principles and empirical
methods, and provide a link between micro, and macroscale models. An ad-
ditional problem is that in many applications, such as flow in fractured rock
and near-well bore flows, the non-linear, or inertial term in the Navier-Stokes
equation are significant. This means that at the large-scale, the application of
the linear Darcy-law for flow is inaccurate.
Our choice of a particular multiscale method is based on the following.
First, we consider direct Navier-Stokes simulation on the pore geometry as
the holy-grail of microscale simulation for it is considered to be the most com-
plex, and highly resolved spatially (although Navier-Stokes itself can be seen
as an upscaled representation of molecular-scale interactions, with effective
parameters such as viscosity and density). Such a microscale model strikes
a balance between the appropriate level of complexity with current techno-
logical advances. For example, recent developments in both computational
algorithms, and increases in computer power, coupled with the availability of
pore-scale images, have enabled the routine prediction of permeability, with
direct Navier-Stokes calculations on samples containing up to a billion voxels
[3, 18]. Second, we are interested in a method capable of resolving the mi-
croscale model directly over the domain of interest without losing any degrees
of freedom—which rules out other multiscale methods which borrow their
philosophy from homogenisation theory (e.g formal upscaling with closure ap-
proximation). Several multiresolution solvers are designed for this purpose,
i.e to provide computationally efficient ways of obtaining a complete solution
on the fine grid, for example: multigrid solvers and preconditioners [22], mul-
tiscale finite element methods (MsFEM) [15, 1, 16], and multiscale mimetic
methods [17]. We choose to develop an adaptation of MsFEM dedicated for
solving flow in a pore domain left void by non-periodic grain patterns, which
is a representation of all natural pore structures.
The challenge in applying MsFEM in a non-periodic setting is to avoid
an intersection between a coarse element boundary and a grain. On the other
hand, the overall performance of MsFEM rely on the accuracy of the multi-
scale basis function which is very sensitive the treatment of subgrid boundary
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condition. The application of oversampling methods [12, 8, 14] was intended
to circumvent this problem by broadening the domain in which basis functions
are sampled. While the methods perform satisfactorily in the context of per-
forated media [7, 9], nevertheless it necessitates an ad hoc parameterisation
and results in a larger computational problem. Another alternative is to adopt
a nonconforming finite element method and impose only a weak continuity
between coarse element boundaries and therefore allowing the coarse element
boundaries to adapt to random patterns of grains. In our previous works, the
nonconforming Crouzeix-Raviart element has been adopted successfully for
solving advection-diffusion and Stokes equations [6, 11, 20].
In the context of flow pass porous bodies, creeping or Stokes flow is often
assumed. This ceases to apply, as mentioned above, for example, near propped
fractures, or boreholes in reservoirs where inertial forces becomes dominant.
Even in the absence of fractures, Muljadi et al [19] studied the non-Darcy flow
behaviour in porous media with different pore heterogeneities and found that
the cessation of the Darcy relationship in Estaillades limestone already takes
place at Re ≈ 0.001, three orders of magnitude smaller than what suggested in
the literature (Re ≈ 1) based on studies of homogeneous media, such as bead
packs, which are poor representations of the heterogeneous reservoir rocks of
practical interest. The difficulty in solving the full Navier-Stokes equation is
the non-linear nature of its inertial term. As a stepping stone towards ap-
pying MsFEM on the more complicated Navier-Stokes equation, we present
the framework for solving Oseen’s approximation of incompressible flow which
provides a linearisation of the inertial term. Note that when solving the full
Navier-Stokes equation, often discrete Oseen’s problems are solved iteratively
in each time step.
To avoid having to work with complicated boundary fitted or even un-
structured meshes, we employ the penalization method [2] when modeling
non-periodic grain patterns. Here we simply force the solution to vanish within
the grain boundaries. Consequentially, this approach allows the modeling of a
complicated grains pattern on a simple Cartesian mesh.
This paper is organised as follows. The formulation of the problem is given
in section 2. The construction of Crouzeix-Raviart elements is presented in
section 3. In section 4, the application of penalization method on our problem
is described. Then the description of the computation of the reference solutions
is given in section 5 followed by some remarks on the treatment of the boundary
condition in section 6. Numerical tests are presented and the results discussed
in section 7 followed by some concluding remarks.
2 Problem Formulation
We define Ω, a two-dimensional domain consisting of a grain domain Ωgrain,
and a pore domain Ωpore perforated by grains, see figure 1. Then, let ε denote
the diameter of the smallest grain. The steady-state Oseen’s problem is to find
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Fig. 1 An illustration of a domain Ω consisting of a pore domain Ωpore, and a grain domain
Ωgrain.
velocity u which is the solution to:
µ∇2u + ρ(U · ∇u)−∇p = f in Ωpore (1)
∇ · u = 0 in Ωpore
where µ is the dynamic viscosity, ρ is the density and U is a known velocity
field.
The boundary condition of equation (1) is given by:
u = g, on ∂Ω ∩ ∂Ωpore, (2)
u = U, when {x, y} → ∞,
where f is a source function, and g is a function fixed at the boundary ∂Ω.
In this paper, we consider only a no-slip condition on the grain boundaries:
u at ∂Ωgrain = 0.
3 Application of Crouzeix-Raviart MsFE
Here we explain the application of our method starting from the definition
of the coarse and fine meshes. We then introduce the functional spaces for
our multiscale basis functions and describe the construction of these functions
within each coarse elements.
3.1 Discretisation
We discretise Ω into a two-dimensional homogeneous Cartesian coarse mesh
TH (see figure 2). TH consists of coarse elements Tk, k = 1, 2, . . . , NH , where
NH is the total number of coarse elements, each with width H. We define EH
the set of all coarse edges Ej , j = 1, 2, . . . , NE in TH including the edges on
the domain boundary ∂Ω. For each element T we construct a fine mesh Th(T ),
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Fig. 2 An illustration of the discretised domain τH , and ωE which is the support space for
ΦE .
consisting of fine elements each with width h. Note that the combination of
Th(T ) for all T ∈ TH constructs a global fine mesh Th which overlaps with TH .
Conversely, one can generate TH from Th since the difference between the two
meshes is only in the indexing.
3.2 Crouzeix–Raviart functional spaces
The functional spaces for velocity VH , and for pressure MH are given below:
MH = {q ∈ L2 such that q = constant, ∀T ∈ TH}, (3)
VH = {v : Ω → R2 : ∀T ∈ TH such that
µ∇2v + ρ(U · ∇v)−∇s = 0, in Ωpore ∩ T
∇ · v = constant in Ωpore ∩ T
∇v n− sn = constant on E ∩Ωpore, ∀E ∈ E(T )}.
The key here is to maintain the continuity of (only) the average of v across
an edge E:
∫
E
[[v]] = 0, where [[v]] is the jump of the value v across E. We
wish to retain the advantage of our approach which has been successfully ap-
plied on Advection-Diffusion, and Stokes problems, namely: the weak imposing
of continuity across element boundaries allows adaptive boundary conditions
which relaxes the sensitivity of our method to random arrangements of grains,
without the need of applying the more cumbersome oversampling methods.
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3.3 Coarse-scale solution
By discretising p into pH and u into uH , we can solve equation (1) in τH and
rewrite it in a weak form as:
a(uH ,vH) + c(uH ,vH) + b(vH , pH) = (vH , f) ,∀vH ∈ VH (4)
b(uH , qH) = 0 ,∀qH ∈MH
where
a(u,v) =
∫
Ωpore
µ∇u : ∇v dΩpore (5)
c(u,v) = c(U; u,v) =
∫
Ωpore
ρ(U · ∇u) · v dΩpore (6)
b(v, q) = −
∫
Ωpore
q∇ · v dΩpore. (7)
The solution to problem (1) can then be approximated as linear combina-
tion of multiscale basis functions ΦE,j = ΦEej , j = 1, 2 with {e1, e2} being
the canonical basis of R2, such that:
uH(x, y) =
∑
E∈E(H), j=1,2
uE,jΦE,j(x, y). (8)
Consistent with the theory of MsFE method, the basis functions ΦE,j are
themselves computed in the fine mesh constructed in each coarse elements.
3.4 Construction of a Crouzeix-Raviart basis
For each edge E ∈ EH we construct ΦE,i ∈ VH , such that
∫
E
ΦE,i = ei, and∫
E′ ΦE,i = 0 for all E
′ ∈ EH , E′ 6= E. These functions form a basis of VH , i.e
VH = span{ΦE,i, E ∈ EH , i = 1, 2}. (9)
We also define supp(ΦE,i) ⊂ ωE , the ensemble of two quadrangles in TH which
share an edge E. Hence we solve for each coarse element Tk, a total of eight
basis functions ΦE,i (and consequentially piE,i) which are the solutions to:
µ∇2ΦE,i + ρ(U · ∇ΦE,i)−∇piE,i = 0, in Ωpore ∩ Tk, (10)
∇ ·ΦE,i = constant, in Ωpore ∩ Tk,
ΦE,i = 0, in Ωgrain ∩ Tk,
∇ΦE,in− piE,in = constant, on F ∩Ωpore,∀F ∈ E(Tk),∫
F
ΦE,i =
{
ei, F = E
0, F 6= E ,∀F ∈ E(Tk),∫
Ωpore∩Tk
piE,i = 0.
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To solve equation (10), we use Q1-Q1 finite element spaces in which both
velocity and pressure degrees of freedom are defined on the same set of grid
points. This arrangement is chosen due to the ease of programming and the
computational efficiency. A stabilisation method is however necessary when
this approach is considered. In a homogeneous Cartesian coordinate with fine
element width of h, a stable solution can be achieved by perturbing the con-
dition ∇ ·ΦE,i = 0 with a pressure Laplacian term (see [4]). In a weak form,
equation (10) reduces to finding ΦE,i ∈ H1(Tk∩Ωpore), piE,i ∈ L20(Tk∩Ωpore),
and the Lagrange multipliers λF , ∀F ∈ E(Tk), where E(Tk) is the set of all
the edges of the quadrangle Tk, satisfying∫
Tk
µ∇ΦE,i : ∇vh +
∫
Tk
ρ(U ·ΦE,i) · vh −
∫
Tk
piE,i∇ · vh (11)
+
∑
F∈E(Tk)
λF ·
∫
F
ΦE,i = 0,
−
∫
Ω
qh∇ ·ΦE,i − θh2
∫
Ω
∇piE,i · ∇qh = 0,∑
F∈E(Tk)
µF ·
∫
F
ΦE,i = µE · ei, ∀µF ∈ R2, F ∈ E(Tk).
Here, vh and qh occupy the same finite element spaces as ΦE,i and piE,i re-
spectively. θ is the stabilisation parameter which we set as 0.01 for all our
simulations (see [5]).
Fig. 3 Two grain patterns in a channel consisting of randomly laid (a) 100 rectangular
grains with width ε = 0.06; and (b) 900 rectangular grains with ε = 0.0067.
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Fig. 4 Contours of ux in a domain depicted in figure 3(a), with U = (0.002, 0) computed
using Crouzeix-Raviart MsFEM on (a) 32 × 16; (b) 64 × 32; (c) 128 × 64; (d) 256 × 128
coarse elements; and (e) the reference solution.
4 Penalization method
Often Ωpore is a complicated pore structure in which solving equation (1) may
require a complicated boundary-fitted, or even an unstructured mesh. In order
to confine our computations in a homogeneous Cartesian mesh, we employ the
penalization method [2]. Henceforth, instead of solving equation (1) directly
in Ωpore, we solve:
µκ∇2u + ρκ(U · ∇u) + σκu−∇p = fκ, in Ω (12)
∇ · u = 0, in Ω
u = g, on ∂Ω
in which
µκ; ρκ =
{ 1
h in Ωgrain
µ; ρ in Ωpore
, σκ =
{ 1
h3 in Ωgrain
0 in Ωpore
, fκ =
{
0 in Ωgrain
f in Ωpore
.(13)
In our simulations the chosen fine-scale element width h always satisfies ε/h ≥
5. The penalization coefficient σκ then forces the solution u to vanish inside
the obstacles. Other variants of penalization methods are studied in [2].
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Fig. 5 Contours of uy in a domain depicted in figure 3(a), with U = (0.002, 0) computed
using Crouzeix-Raviart MsFEM on (a) 32 × 16; (b) 64 × 32; (c) 128 × 64; (d) 256 × 128
coarse elements; and (e) the reference solution.
5 Reference solution
We use a Q1-Q1 finite element method to compute the reference solutions,
as we do for computing Φ, in the global fine mesh Th. In a weak form, the
solution to equation (1) are uh and ph such that
∫
Ω
µκ∇uh : ∇vh +
∫
Ω
ρκ(U · ∇uh) · vh +
∫
Ω
σκuh · vh (14)
−
∫
Ω
ph∇ · vh =
∫
Ω
vh · fκ,
−
∫
Ω
qh∇ · uh − θh2(∇ph,∇qh) = 0,
where vh, and ph occupy Q1-Q1 finite element spaces. We use the stabilization
parameter θ = 0.01 throughout this paper [13]. Note that other stable or
stabilized elements can be used to provide the reference solution.
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Fig. 6 Contours of ux in a domain depicted in figure 3(b), with U = (0.002, 0) computed
using Crouzeix-Raviart MsFEM on (a) 32 × 16; (b) 64 × 32; (c) 128 × 64; (d) 256 × 128
coarse elements; and (e) the reference solution.
6 Boundary condition
Note that the boundary condition u = g on ∂Ω is not included in equation
(3). This is possible since we approximate the boundary condition in equation
10 only in a weak sense, i.e∫
E
uH =
∫
E
g, ∀E ∈ EH on ∂Ω. (15)
Together with equation (8), we apply on the boundary ∂Ω:
uE,i =
∫
E
g · ei. (16)
This approach has been applied successfully in [20] for the Stokes equation,
and is a modification with respect to previous work [6, 7] where the boundary
condition were strongly incorporated in the definition of VH . Our approach
therefore gives more flexibility when implementing non zero g, i.e every basis
functions ΦE,i including those on boundary ∂Ω can be computed in the same
fashion—according to equation (10).
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Fig. 7 Contours of uy in a domain depicted in figure 3(b), with U = (0.002, 0) computed
using Crouzeix-Raviart MsFEM on (a) 32 × 16; (b) 64 × 32; (c) 128 × 64; (d) 256 × 128
coarse elements; and (e) the reference solution.
NH L
1 relative L2 relative H1 relative
32× 16 0.13 0.142 0.222
64× 32 0.08 0.088 0.172
128× 64 0.052 0.060 0.089
256× 128 0.012 0.013 0.07
Table 1 Convergence study of Poiseuille flow.
NH (H/ε) L
1 relative L2 relative H1 relative
32× 16 2.08 0.144 0.170 0.433
64× 32 1.04 0.097 0.121 0.347
128× 64 0.52 0.054 0.071 0.282
256× 128 0.26 0.011 0.024 0.173
Table 2 Convergence study of channel flow pass pattern (a) with U = (0.002, 0).
7 Numerical Results
We consider a channel domain Ω = [−2 ≤ x ≤ 2,−1 ≤ y ≤ 1] containing
a porous medium spanning from x = −1 to x = 1. We then assign ρ = 1,
µ = 0.001, and f = 0. At the inlet, the theoretical incompressible Poiseuille
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Fig. 8 Contours of ux in a domain depicted in figure 3(b), with U according to equation
(17), computed using Crouzeix-Raviart MsFEM on (a) 128× 64 coarse elements; compared
with (b) the reference solution.
Fig. 9 Contours of magnitude of velocity |u| along with their streamlines in a domain
depicted in figure 3(b), with U according to equation (17), computed using Crouzeix-Raviart
MsFEM on (a) 128× 64 coarse elements; compared with (b) the reference solution.
solution (parabolic velocity profile) is applied for all cases, i.e u =
(
1− y2, 0)
on x = −2, whereas the Neumann boundary condition ∂u/∂n = 0 is assumed
at the outlet, x = 2. No–slip boundary conditions at the top and bottom walls
are applied.
Non-conforming MsFEM for Oseen problem 13
Fig. 10 Multiscale basis functions ΦE,j , j = 1, 2 in the presence of grains of which, one
coincides with the edge E. The basis functions depicted are for the given velocity field (a)
U = 0; and (b) according to equation (17). In all cases, they successfully adapt to the
worst-case scenario and maintain
∫
E
ΦE,i = e1.
NH (H/ε) L
1 relative L2 relative H1 relative
32× 16 18.74 0.304 0.331 0.71
64× 32 9.37 0.157 0.155 0.542
128× 64 4.68 0.082 0.097 0.482
256× 128 2.34 0.037 0.049 0.239
Table 3 Convergence study of channel flow pass pattern (b) with U = (0.002, 0).
NH (H/ε) L
1 relative L2 relative H1 relative
32× 16 18.74 0.32 0.355 0.80
64× 32 9.37 0.153 0.161 0.567
128× 64 4.68 0.077 0.102 0.442
256× 128 2.34 0.038 0.043 0.319
Table 4 Convergence study of channel flow pass pattern (b) with U according to equation
(17).
First we apply our method on simple Poiseuille flow without any porous
bodies. Then two grain patterns are included, see figure 3. From here on we
refer to them as pattern (a) depicted in figure 3(a), and pattern (b) depicted
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in figure 3(b). Pattern (a) consists of 100 randomly placed grains, each with
width ε = 0.06. Pattern (b) consists of 900 grains with ε = 0.0067.
We compare all our results to the reference solutions. When computing the
reference solutions, we employ Q1-Q1 finite element method on a fine mesh
consisting of 2560× 1280 quadrangles. This ensures the ratio ε/h ≥ 5.
7.1 Poiseuille flow
We apply a vector field U = (0.002, 0) corresponding to Re ≈ 4 where Re =
ρε|U|
µ (in the absence of grains, we assume that ε is the channel diameter). In
table 1, the norms of error of the Crouzeix-Raviart MsFEM solutions relative
to the reference solution on a number of coarse meshes are given, showing a
convincingly converging trend.
7.2 Pattern (a)
Here we test our method in solving flow pass a porous body with a random
pattern of grains. We consider pattern (a) where each grain is a rectangle
with width ε = 0.06, Re ≈ 0.12. In figures 4 and 5 the contours of velocity
components ux and uy computed on a number coarse meshes are given. The
results are compared to the reference solution. The contours computed using
Crouzeix-Raviart MsFEM at 256× 128 are identical to the reference solution;
however, even at 32 × 16, the flow features already resemble those of the
reference solution, and at 64 × 32 without any appreciable difference. Norms
of error relative to the reference solution in L1, L2, and H1 spaces are given
in table 2 showing a converging behaviour.
7.3 Pattern (b)
Here we simulate flow pass pattern (b) which contains finer (ε = 0.0067)
and much more grains. We use the same kinds of coarse meshes, and vector
field U as in the previous tests, which corresponds to Re ≈ 0.013. This is a
more challenging test than the previous ones due to much larger H/ε ratios—
ranging from 18.74 to 2.34. This means each coarse elements in the vicinity of
the grains has higher chances of being occupied by more than one grain, and
therefore suffers more oscillations.
In figures 6 and 7 the contours of ux and uy are given. As in the previous
tests, the results are compared to the reference solution. The contours of ux
and uy computed using Crouzeix-Raviart MsFEM at 256× 128 are obviously
identical to those of the reference solution. The results at 64 × 32 however
already exhibit similar main flow features to the reference solution. This shows
that the multiscale basis functions do well in capturing highly oscillatory fine-
scale solutions. Similarly monotonically decreasing relative error norms are
shown in table 3.
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7.4 Heterogeneous velocity field U
To further test the feasibility of our method, we apply a heterogeneous velocity
field
U =
(
2y(1− 0.25x2)
−x(1− y2)
)
, in Ωpore. (17)
In figures 8 the contours of ux through pattern (b) computed using Crouzeix-
Raviart MsFEM on 128 × 64 coarse elements; and the reference solution are
compared. The flow features are noticeably different than the previous results
especially in regions away from the porous body. Indeed at the farthest from
grains, the flow experiences Re ≈ 80 where the inertial effect manifests the
most. In table 4, the convergence study is given for a range of coarse meshes.
Again we can see that our method gives good qualitative and quantitative
agreement with the reference solution. In figures 9 the contours of the magni-
tude of velocity computed using Crouzeix-Raviart MsFEM on 128× 64 coarse
elements are displayed along with their streamlines and compared with the
reference solution. We notice that the Crouzeix-Raviart MsFEM gives an ex-
cellent agreement in terms of flow pattern with the reference solution.
In figures 10, we plot the multiscale basis function Φ associated to the
highlighted patch in the computational domain with pattern (b). We select
this patch to illustrate the behaviour of Φ at a worst-case scenario: a grain
coinciding with a coarse element edge E. Figure 10(a) shows the basis func-
tions ΦE,1 computed with U = 0, the Oseen problem therefore reduces to a
Stokes problem. Figure 10(b) shows the basis functions ΦE,1 computed with
U according to equation (17). We notice the difference in the behaviour of Φ
due to different U. In any cases the basis functions succesfully adapt to the
presence of a grain at the edge E and maintain
∫
E
ΦE,i = ei.
8 Concluding remarks
The Crouzeix-Raviart MsFEM has been developed and tested for solving Os-
een’s approximation for incompressible flow around solid bodies. The method
performs very well in the presence of non-periodic grain formations. The
weakly enforced continuity across coarse element edges ensures accurate basis
function solutions without any oversampling methods. The basis functions are
shown to successfully capture the effects of homogeneous and inhomogeneous
vector field U. The penalization method is seamlessly incorporated into our
method allowing an extensive utilisation of simple Cartesian mesh.
This method is developed as a stepping stone towards solving then more
complicated Navier-Stokes equation. Although only two-dimensional cases are
considered, the extension of this work on three-dimensions is straightforward.
Similarly the method can be applied for inhomogeneous Oseen’s problem with
f 6= 0. The reconstruction of fine-scale pressure is not the focus of the cur-
rent work although it is possible (see [20]). The calculations of MsFEM basis
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functions within a coarse element are done independent of the neighbouring
elements which makes it suitable for the application of parallel programming.
For practical applications, the method is a promising development towards
simulations capable of handling a wide range of spatial scales, while accom-
modating non-linear effects.
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